In this paper we consider singular timelike spherical hypersurfaces embedded in a Ddimensional spherically symmetric bulk spacetime which is an electrovacuum solution of Einstein equations with cosmological constant. We analyse the different possibilities regarding the orientation of the gradient of the standard r coordinate in relation to the shell. Then we study the dynamics according to Einstein equations for arbitrary matter satisfying the dominant energy condition. In particular, we thoroughly analyse the asymptotic dynamics for both the small and large-shell-radius limits. We also study the main qualitative aspects of the dynamics of shells made of linear barotropic fluids that satisfy the dominant energy condition. Finally, we prove weak cosmic censorship for this class of solutions.
I. INTRODUCTION
Thin shell models are interesting perhaps for two main reasons. The first one is the possibility of a mathematical simplification of the field equations that may allow us to characterize non-vacuum solutions. In this case the thin shell models are not necessarily realistic, they are useful because of their mathematical properties, and they may shed light on general theoretical problems such as the cosmic censorship conjecture [3] or the possibility of transversable wormholes [9, 10] . It is then not surprising that they have been used to address different aspects of higher-dimensional gravity theories, not only general relativity in higher-dimensions but also Lovelock gravity and Chern-Simons gravity, just to name a few.
The second reason is the description of physical systems that are the source of a field theory and that can be modelled by neglecting one of their dimensions. In the context of gravity, there exist a number of astrophysical and cosmological systems ( [4] , [5] ) where some part of them can be thought of as a thin shell to a good approximation. A currently relevant scenario where thin shells play a role in this sense are brane-world cosmologies (for a recent review see [2] ). In this scenario the observable universe is a part of a 4-dimensional manifold embedded in a higher dimensional one, usually 5-dimensional. In contrast to the more usual compactification scenario, in the context of brane-world gravity it makes perfect sense to analyse higher-dimensional solutions of Einstein equations because they might represent classical limits of M-theory.
In particular, in recent years several different classical solutions involving self-gravitating thin shells in arbitrary dimensions have been studied [7, 8, 11, 12] . The generalization of different physical systems into arbitrary dimensions, specially if there are for the system at least two different relevant dimensionalities, is interesting not only because of its synthesis capability, but also because of the possibility of achieving a deeper understanding of the interactions that govern the system and the meaning of dimensionality itself. In [11] , Gao and Lemos considered a charged dust shell for a spherically symmetric electro-vacuum bulk of arbitrary dimensions. They analysed the dynamics for different parameters of the bulk regions and considered the possibility of a violation of the cosmic censorship conjecture, as for certain bulk parameters the spacetime would display a naked singularity. They thoroughly analysed the parameter space of this scenario and concluded that cosmic censorship holds in all dimensionalities. On the other hand, in [7] , Eiroa and Simeone analysed a more general situation with a cosmological constant and matter satisfying the weak energy condition. Their analysis laid emphasis in the stability of static solutions for arbitrary matter-energy models, but also considered some general aspects of the dynamics for certain particular cases.
Matter models are somewhat arbitrary, and the knowledge of the possible dynamics of the shell regardless of their matter content allow us to constraint our expectations regarding the evolution of these systems. In this spirit we study certain key aspects of the dynamics of thin shells for any matter content satisfying the dominant energy condition embedded in an electro-vacuum bulk spacetime with cosmological constant and arbitrary dimensionality. This work generalizes in a sense the results of both [11] and [7] . We analyse the dynamics of these shells in a more systematic way regarding the different matter-energy models, and recover the main results of these two previous works but in a more general setting. In particular, we prove that weak cosmic censorship holds for this more encompassing class of solutions.
Outline
We begin with a description of a general shell in a spherically symmetric bulk spacetime of an arbitrary number of dimensions in Section II. In Section III we analyse the asymptotic behaviour of the dynamics of these shells, provided their matter-energy content satisfy the dominant energy condition. In Section IV we describe key properties of the dynamics of shells made of linear barotropic fluids for the different scenarios and equations of state. Finally, in Section V we summarize the analysis made in the previous Sections and prove weak cosmic censorship for these solutions.
II. SPHERICALLY SYMMETRIC THIN SHELLS IN D = n + 2 DIMENSIONS
We begin with a description of a singular shell embedded in a spherically symmetric electrovacuum spacetime of an arbitrary number of dimensions. If this symmetry holds then there is always, at least locally, an orthogonal coordinate chart (x 0 , x 1 ) for the quotient manifold, so the metric can be written as follows
We now define a singular timelike orientable hypersurface Σ embedded in the bulk spacetime. Because of the symmetry, the surface can be described by an equation Σ(x 0 , x 1 ) = 0. In a neighbourhood of Σ, in gaussian coordinates, the metric reads
where η = 0 characterises the surface, and τ is the shell proper time, so f (τ, 0) = 1.
In the context of thin shells Einstein equations are equivalent to junction conditions on the surface [1] that relate the jump of its extrinsic curvature with the effective stress-energy tensor on the shell, the so-called Darmois-Israel junction conditions. The extrinsic curvature in gaussian coordinates can be written,
where latin indexes represent coordinates (τ, θ 1 , .., θ n ) on the shell. In these coordinates the intrinsic metric reads,
where R(τ ) ≡ r(τ, 0). By virtue of a generalized Birkhoff theorem, electrovacuum solutions of Einstein equations with a cosmological constant can always be written in the form [13] [14] ,
where M = κ D m/(nΩ n ) (m is the gravitational contribution to Misner-Sharp energy as defined in any group orbit, Ω n is the area of a n-sphere of unit radius), and Q 2 = 2q 2 /(n(n − 1)) (q is analogously the electric charge defined in any group orbit). With these expressions, we can write the extrinsic curvature on a given side of the shell in terms of R(τ ) and the parameters (M, Q) that characterise the bulk spacetime there
We assume that the cosmological constant Λ is the same at both sides of the shell, because it is a part of the field equations we are solving. In this way, giving (M, Q) and specifying whether r increases or decreases with η, we get an expression for the extrinsic curvature in terms of the function R(τ ).
On the other hand, the matter content of the shell is described by a tensor S i j defined on Σ such that we can formally write the D-dimensional stress-energy tensor as,
where the tensor S in shell coordinates can be written as follows
So, as a result of the symmetry imposed, the matter content of the shell can be described as if it were an n-dimensional perfect fluid, whose flow lines follow the trajectories of the comoving observers. We can write
where h ij is the intrinsic metric defined in (4) and u i = (∂/∂τ ) i is the 4-velocity of the aforementioned comoving observers. If there is not hysteresis, we would be able to write ρ and p as functions of R. In that case, conservation of the source would imply
This equation together with an equation of state f (ρ, p) = 0, provided there is one, settle ρ(R) and p(R). Alternatively, if one gives ρ(R), then p(R) can be derived from (10) . The converse is also true, up to an integration constant. Throughout this paper we will impose the dominant energy condition (DEC) for the matter-energy content of the shell, which can be written as |p(R)| ≤ ρ(R).
In this way, the Darmois-Israel junction conditions relate R(τ ), it first two derivatives, and the parameters (M, Q) with the matter functions ρ(R) and p(R). Looking at (6), one can notice that the discontinuity of the extrinsic curvature should be ascribed to a difference between the mass parameters or the charge parameters for the empty regions at both sides of the shell, which we call (M I , Q I ) and (M II , Q II ), and, eventually, to different signs for ∂r/∂η at both sides. The signs of these derivatives define the character of the bulk regions that are being glued. Without any loss of generality we choose the η coordinate to decrease when going into region I and to increase into region II. We define ξ I = sign ∂r ∂η η=0 − and ξ II = sign ∂r ∂η η=0 + . If ξ I = +1 (−1), then region I must be interior (exterior), which means that it can be characterised by means of an inequality r < R(t) (r > R(t)). Analogously, if ξ II = +1 (−1), then region II must be exterior (interior). With these definitions, the junction conditions can be written as follows
where
. From (11) we can see that the dominant energy condition already imposes some constraints on the possible values of the pair (ξ I , ξ II ). If ρ > 0, as required by DEC, then the combination (ξ I , ξ II ) = (−1, +1), which would imply that both regions are exterior (the so-called wormhole orientation), is not possible. As a consequence of this, one of the regions must be interior, and there are essentially two possible scenarios regarding the orientation of the bulk: both regions are interior or one of them is exterior (this last possibility is the so-called standard orientation). In particular, in the case of an exterior region II, a positive effective energy density ρ would imply M II > M I or |Q I | > |Q II | or both.
Also from (11) we can obtain an equation of motion that results independent of the ξ i and readṡ
Replacing the functions F i we obtain
In obtaining this equation of motion we have squared some quantities, so there might be spurious solutions, that is, there could be solutions of (13) which are not solutions of (11) for given values of (ξ I , ξ II ). Nevertheless, it can be shown that every solution of (13) is a solution of one of the versions of (11) , that is, it is also a solution only for certain value of the pair (ξ I , ξ II ). Therefore, we can find solutions of the junction conditions by solving (13) and specifying a posteriori (ξ I , ξ II ) accordingly 1 . In this way, for a given solution of the equation of motion R(τ ), the specification that we must made is the following
A direct substitution of (13) into (11) with these choices for (ξ I , ξ II ) proves our point. We stress the fact that (15) and (16) are valid only if ρ > 0, otherwise sign(ρ) would appear in the expressions. This specification is consistent because the roots of n 2 (F I − F II ) ± κ 2 D ρ 2 R 2 are always in forbidden regions (V (R) > 0) or inside an event horizon F I,II < 0, as shown in Appendix A. In this way, with these specifications, any solution of the equation of motion (13) is a solution of (11) . In particular, a collapsing solution of (13) is a legitimate solution of the junction conditions.
Provided I is an interior region, it is worth noticing that solutions where M II ≤ M I that have the standard orientation (ξ I = ξ II = +1) are possible only if |Q I | > |Q II |, which illustrates the fact that they are impossible in the uncharged case or for an uncharged shell. Anyway, if M II < M I it is not obvious whether they can avoid collapse, because of the fact that there would be a root for both n 2 (F I − F II ) ± κ 2 D ρ 2 R 2 and these solutions are defined only for R smaller than both of these roots 2 , so the radius of a shell with the aforementioned properties is bounded from above. We also remark that if the bulk parameters are the same at both sides, then both bulk regions must be interior, which in turn implies that they must be identical (there would be Z 2 -symmetry centered at the thin shell).
III. EQUATIONS OF MOTION AND MATTER MODELS
In this Section we study general properties of the dynamics of the shell, provided the matter content satisfies the dominant energy condition. In particular, we study the asymptotic dynamics of the shell for both small and large shell radius for shells made of an arbitrary matter model satisfying a couple of reasonable hypothesis besides the energy condition. The analysis of these asymptotics will allow us to infer many qualitative aspects of the general dynamics. We will also perform a more detailed analysis of the general dynamics in the case of linear barotropic fluids.
Let us define the function α(R) = p(R)/ρ(R), which is characteristic of the matter model, then the dominant energy condition implies that −1 ≤ α(R) ≤ 1 (while ρ > 0). We can now write the continuity equation (10) as
which in turn implies
A. Large R asymptotics
We now impose that the matter model satisfies the following hypothesis:
hypersurface, as analised in [15] . See also [16] for an analysis on the constraints that energy conditions pose on these constructions. 2 As mentioned, these roots must necessarily lie in a forbidden region or inside an event horizon.
Then, taking into account (18), we have that ρ acquires the asymptotic form ρ ≈ CR −n(1+α∞) , where C is a constant, for large enough R. The asymptotic behavior of V (R) in the limit R → ∞ can be studied by means of the following scheme. Table I assigns names and shows the expressions that determine the order of each term of the effective potential, while Figure 1 illustrates these orders and allows us to determine which term dominates for different values of α ∞ in the allowed range. One simply must verify which line(s) is (are) the uppermost one(s) at each point of the horizontal axis. We are going to perform this analysis first at full generality (if every term of the potential is non-zero), and then particularise for different cases in which one or more of the terms are canceled out.
General case
In the general case the asymptotics can be described as follows.
• α ∞ = −1
In this case both the ρ term and the cosmological constant term dominates at large R. If Λ > −κ 2 D C 2 (n + 1)/(8n) (which includes every non-negative value) we would have V (R) < 0, which implies that there are unbounded solutions, for any large enough initial radius. On the other hand, if Λ ≤ −κ 2 D C 2 (n + 1)/(8n) then V (R) is positive for large R (if the equality holds then the dominant term would be the constant term, which is positive), which implies that there is a maximum radius for the shell.
In this range always dominates the cosmological constant term for large R. This means that the possibility of having unbounded solutions is determined by the sign of Λ alone: if it is positive there are unbounded solutions, while if it is negative there is a maximum radius.
• α ∞ = 1/n In this case both the cosmological constant term and the term involving the mass difference between both sides dominate.
(which includes every non-negative value), then there would be unbounded solutions for any large enough initial radius. On the other hand, if
(including the equality, as in that case the dominant term would be the constant term), then there is a maximum radius for the shell.
• 1/n < α ∞ ≤ 1
In this range the term involving the mass difference dominates. It is always negative, so there are unbounded solutions.
Asymptotically flat case (Λ
In this range the dominant term is the ρ term, which implies that the solution is unbounded provided the initial radius is large enough.
• α ∞ = −(n − 1)/n In this case both the ρ term and the constant term are dominant. Then the condition to have unbounded solutions is κ D C ≥ 2n (which includes the equality as the subdominant term is the mass sum term, which is negative), otherwise there would be a maximum radius for the shell.
• −(n − 1)/n < α ∞ < 0
In this range the dominant term is the constant term, which means that there is a maximum radius for the shell.
• α ∞ = 0
In this case both the mass difference term and the constant term dominate, which implies that the condition to have unbounded solutions is n|M II − M I | > κ D C. On the other hand, if n|M II − M I | < κ D C there is a maximum radius for the shell. If n|M II − M I | = κ D C then the condition to have unbounded solutions turns out to be
(the subdominant terms are the mass sum term and the charge-mass term).
• 0 < α ∞ ≤ 1
In this range the dominant term is the mass difference term, which implies that there is an unbounded solution for any large enough initial radius.
Equal masses at both sides
In this case both the cosmological constant term and the ρ term dominate. The condition to have unbounded solutions is Λ > −κ 2 D C 2 (n + 1)/(8n) (the equality is not included as the subdominant term is the constant term).
In this range the cosmological constant term dominates, so the possibility of having unbounded solutions is determined by the sign of Λ alone. If Λ is positive then there are unbounded solutions, while in the case of a negative Λ there is a maximum radius for the shell.
• α ∞ = 1
In this case both the cosmological constant term and the charge difference term dominate. The condition to have unbounded solutions is Λ > −n 3 (n + 1)(
(the equality is not included as the subdominant term is the constant term.) 4 . Equal masses at both sides and Λ = 0
In this range the ρ term dominates, so there are unbounded solutions.
• α ∞ = −(n − 1)/n In this case both the ρ term and the constant term dominate, so the condition to have unbounded solutions is κ D C ≥ 2n (the equality is included as the subdominant term is the mass sum term).
• −(n − 1)/n < α ∞ < (n − 1)/n In this range the constant term dominate, so there is a maximum radius for the shell.
• α ∞ = (n − 1)/n In this case both the constant term and the charge difference term dominate, so the condition to have unbounded solutions is n|Q 2 I − Q 2 II | ≥ 2κ D C (the equality is included as the subdominant term is the mass sum term).
In this range the charge difference term dominates, so there are unbounded solutions.
5. Equal masses and equal charges at both sides and Λ = 0
•
In this range the constant term dominates, so there is a maximum radius for the shell.
The cases in which both charges are equal (Q I = Q II , including the uncharged case) but not both masses (M I = M II ) are not specifically considered here because they are already included in the "general case" and in the "asymptotically flat case", as these analysis are completely independent from the charge terms. The charges make no difference in the qualitative aspects of the large R asymptotic limit unless the masses at both sides are equal.
B. Small R asymptotics
Analogously, we are going to consider the small R asymptotics in order to determine whether the shell can collapse to zero size, or, on the contrary, there is a non-zero minimum radius for the shell, which would imply a rebound if the shell reaches this radius. In this way, we impose the following condition on the matter content of the shell
This implies that the matter energy density goes like ρ ≈ CR −n(1+α 0 ) for R small enough. In order to determine which terms dominate V (R) in this limit we can also use figure 1. In this case we must look at which line(s) is(are) the lowermost at each point of the horizontal axis.
1. General case
In this range the dominant term is the charge difference term, which is negative. In this way, there is a collapsing solution for any small enough initial radius.
• α 0 = 0
In this case the dominant terms are the charge difference term, the charge sum term, and the ρ term. Therefore, the criteria that determines the possibility of having collapse solutions is given by (
2 ) = 0, then the condition to have collapsing solutions turns out to be
• 0 < α 0 ≤ 1
In this range the ρ term dominates, which is always negative, so there are collapsing solutions.
Equal charges at both sides (Q
In this range the dominant term is the mass difference term, which is negative, so there are always collapse solutions for a small enough initial radius.
In this case the dominant terms are both the mass difference term and the charge term. In this way, the condition to have collapsing solutions is
(if the equality holds, then the dominant term is the mass sum term, which is always negative). Otherwise, there is a minimum radius for the shell.
• −(n − 1)/n < α 0 < 0 In this range the charge term is the dominant term, which is positive. This implies that a collapse is not possible, and there is a minimum radius for the shell.
• α 0 = 0 In this case both the charge term and the ρ term are dominant. Then, the condition to have collapsing solutions is Q 2 ≤ κ 2 D C 2 /4n 2 (like in the previous cases, the subdominant term is the mass sum term, which is negative). Otherwise, there is a minimum radius for the shell.
• 0 < α 0 ≤ 1 In this range the dominant term is the ρ term, which is negative. So, there is a collapse solution for any small enough initial radius.
Equal charges and equal masses at both sides (Q
In this range the dominant term is the charge term, so there is a minimum radius for the shell.
In this case the dominant terms are the charge term and the ρ term. Then, the condition to have collapsing solutions is Q 2 ≤ κ 2 D C 2 /4n 2 (the inequality is sharp because the mass sum term is subdominant).
In this range the dominant term is the ρ term, so there are collapsing solutions.
Uncharged case (Q
In this range the mass difference term dominates, which implies that there is a collapse solution for any small enough initial radius.
• α 0 = −(n − 1)/2n
In this case three different terms dominate: the mass difference term, the mass sum term and the ρ term. Since all these terms are negative, there are collapse solutions.
• −(n − 1)/2n < α 0 ≤ 1 In this range the ρ term dominates, which also implies that there is a collapse solution for any small enough initial radius.
Equal masses and uncharged case (Q
In this range the mass sum term dominates, which implies that there are collapse solutions.
In this case both the mass sum term and the ρ term dominate. Since both terms are negative, there also are collapse solutions.
It is clear that in the uncharged case there always exists the possibility of having a collapse solution. This makes sense from a Newtonian point of view: what may prevent a collapse by creating an infinite potential barrier in the effective potential are the charge terms. Analogously to the previous subsection, we do not need to consider the case of equal masses and different charges separately, as this case is already included in the "general case". An eventual equality of the masses would only play a role in the qualitative aspects of the small R limit only if the charges are also equal.
We stress the fact that if we have k non-interacting matter fields (so we can write ρ =
, each with its own conservation equation and its corresponding α i∞ and α i0 , then α ∞ = min i {α i∞ } and α 0 = max i {α i0 }. In the next Section we analyse some properties of V (R) for specific matter models.
IV. BAROTROPIC FLUID WITH EQUATION OF STATE P = ωρ
For this family of matter models, equation (10) implies
And in this case V (R) can be written
. We have α(R) = α ∞ = α 0 = ω and the dominant energy condition implies −1 ≤ ω ≤ 1.
The aim of this Section is to describe the general features of the dynamics of the shell that can be obtained from the asymptotic behaviour we already analysed. This Section is, in a sense, a combination of both asymptotic analysis that can be made because we defined an equation of state for the matter-energy content of the shell. By knowing the dominant terms at both extremes of our domain in R (the positive real numbers) we can obtain sufficient conditions to decide whether V (R) has a root or a local extremum. We can also get necessary conditions for monotonicity of the potential; then, if those conditions are met, we analyse the first derivative of V (R).
We stress the fact that there are three values of ω of particular importance because of their significance in cosmology and astrophysics: ω = −1 represents a cosmological constant fluid or a surface tension, ω = 0 represents dust, and ω = 1/n represents a photon gas.
General case
there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions (that is, V (R) < 0 in its entire range). On the other hand, if Λ ≤ −κ 2 D C 2 (n + 1)/(8n) there would be a maximum radius and at least one root for V (R).
• −1 < ω < 0
In this range if Λ > 0 there would be at least one local maximum for V (R) and there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root for V (R).
• ω = 0
In this case if Λ > 0 and (
2 ) < 0 there would be at least one local maximum and there is a subset of the parameter space in which there are no forbidden regions for the shell: for example, this is the case if
On the other hand, if Λ < 0 and (
2 ) > 0 there would be at least one local minimum and all possible solutions are oscillating: for example, this is the case if |M II − M I | > κ D C/n and |Λ| is sufficiently small, while for certain subset of the parameter space there is no solution at all. Finally, if Λ < 0 and (
2 ) < 0 there would be a maximum radius and at least one root; moreover, if at the same time Q 2 I > Q 2
II
then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
• 0 < ω < 1/n In this range if Λ > 0 there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root.
there would be at least one local maximum for the potential and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ ≤ −n 3 (n + 1)(M II − M I ) 2 /(2κ 2 D C 2 ) there would be a maximum radius and at least one root.
• 1/n < ω ≤ 1
In this range there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. • −1 ≤ ω < −(n − 1)/n In this range there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions.
• ω = −(n − 1)/n In this case if κ D C ≥ 2n there is a subset of the parameter space in which there are no forbidden regions. Otherwise, there is at least one root and a maximum radius for the shell.
• −(n − 1)/n < ω < 0
In this range there is at least one root for V (R) and a maximum radius for the shell.
• ω = 0 This is the general setting considered in [11] . It also includes example 3 of Section 4 of [7] (a charged dust bubble). It has the particular advantage that the potential takes the form of a quadratic equation in x = R −(n−1) (V (x) = cx 2 + bx + a) while being physically relevant. The possible dynamics for potentials of this form is explained in appendix 1. For this case we have
In this relatively general context each coefficient can acquire any sign, so all the subcases of the appendix C are possible. Of particular interest are the situations where the motion is oscillatory (subcase E in Appendix C), this is analysed in Section 4 of [11] . As explained there, if there is an interior black hole and the shell has the standard orientation then these oscillations actually represent a collapse: there can only be oscillating solutions if the exterior solution also corresponds to a black hole and in that case the shell must enter the event horizon and reemerge in another asymptotically flat region of the extended exterior ReissnerNordström spacetime. This will be further explained in Section V.
• 0 < ω ≤ 1
In this range the potential would have a local maximum for V (R) and for certain subset of the parameter space there would not be any forbidden region.
3. Equal charges at both sides (Q II = Q I )
In this case if Λ > −κ 2 D C 2 (n + 1)/(8n) there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden region. On the other hand, if Λ < −κ 2 D C 2 (n + 1)/(8n) there would be at least one root and a maximum radius for the shell.
• −1 < ω < −(n − 1)/n In this range if Λ > 0 there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden region. On the other hand, if Λ < 0 there would be at least one root and a maximum radius for the shell.
• ω = −(n − 1)/n In this case if Λ > 0 and |Q| > n|M II − M I |/κ D C there would be at least one root and a minimum radius for the shell; if Λ > 0 and |Q| < n|M II − M I |/κ D C the potential would have a local maximum and there is a subset of the parameter space in which there are no forbidden regions: for example if 4n 2 < κ 2 D C 2 . On the other hand, if Λ < 0 and |Q| > n|M II −M I |/κ D C then the potential would have a local minimum, depending on the parameters there are either oscillating solutions or no solutions at all; if Λ < 0 and |Q| < n|M II − M I |/κ D C then the potential would be monotonically increasing, there would be a single root, at the maximum radius, so the final outcome of the evolution would always be a collapse.
In this range if Λ > 0 there would be at least one root and a minimum radius. On the other hand if Λ < 0 there would be a local minimum for the potential,depending on the parameters there are either oscillating solutions or no solutions at all.
In this case if Λ > 0 and |Q| > κ D C/(2n) there would be at least one root and a minimum radius; if Λ > 0 and |Q| < κ D C/(2n) the potential would have a local maximum and there is a subset of the parameter space in which there are no forbidden regions: for example if |M II −M I | > κ D C/n. On the other hand, if Λ < 0 and |Q| > κ D C/(2n) there would be a local minimum for the potential, depending on the parameters there are either oscillating solutions or no solutions at all; if Λ < 0 and |Q| < κ D C/(2n) then the potential is monotonically increasing, there is a single root, at the maximum radius, so the outcome of the evolution would always be a collapse.
• 0 < ω < 1/n In this range if Λ > 0 there is a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden regions. On the other hand, if Λ < 0 there would be at least one root and a maximum radius.
• ω = 1/n In this case if Λ > −n 3 (n + 1)(M II − M I ) 2 /2κ 2 D C 2 there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden regions. On the other hand, if Λ < −n 3 (n + 1)(M II − M I ) 2 /2κ 2 D C 2 there would be at least one root and a maximum radius.
In this range there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden regions. 4 . Equal charges at both sides (Q II = Q I ) and Λ = 0
In this range there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden regions.
• ω = −(n − 1)/n For this case, the potential takes the form of a quadratic equation in x = R −(n−1) .
where if c > 0:
• ∆ > 0 and a ≤ 0 we have the subcase C of the appendix C. On the other hand, if a > 0 we have the subcase E.
• ∆ < 0, we have the subcase D of the appendix C.
• ∆ = 0, we have the subcase E* of the appendix C.
If c < 0:
• ∆ > 0 and a ≤ 0 we have the subcase A of the appendix C. On the other hand, if a > 0 we have the subcase B.
In this range for certain subset of the parameter space there would not be any forbidden regions.
This case is example 1 of Section 4 of [7] . For this case, the potential takes the form of a quadratic equation in x = R −(n−1) .
Uncharged case (Q
In this case if Λ > (n + 1)κ 2 D C 2 /(8n) there would be at least one local maximum for V (R), there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand if Λ < (n + 1)κ 2 D C 2 /(8n) then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
• −1 < ω < −(n − 1)/n In this range if Λ > 0 there would be at least one local maximum for V (R), there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root.
• −(n − 1)/n ≤ ω ≤ 0
In this range if Λ > 0 there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 then the potential would be monotonically increasing, there would be a single root, at the maximum radius, so the final outcome of the evolution would always be a collapse. This item includes example 4 of Section 4 of [7] (a dust shell in a cosmological constant background).
• ω = 1/n In this case if Λ > n 3 (n + 1)(M II − M I ) 2 /2κ 2 D C 2 there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < n 3 (n + 1)(M II − M I ) 2 /2κ 2 D C 2 then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
In this range there would be a local maximum for the potential and for certain subset of the parameter space there would not be any forbidden regions. This is example 2 of Section 4 of [7] .
• −1 ≤ ω < −(n − 1)/n In this range there would be a local maximum for the potential and there is a subset of the parameter space in which there are no forbidden regions for the shell.
In this case:
• if a ≤ 0 we have the subcase A of the appendix C. On the other hand, if a > 0 we have the subcase B.
In this range the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
For this case, the potential takes the form of a quadratic equation in x = R −(n−1) .
In this range there would be a local maximum for the potential and there is a subset of the parameter space in which there are no forbidden regions for the shell
Equal masses at both sides
In this range if Λ > −κ 2 D C 2 (n + 1)/(8n) there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < −κ 2 D C 2 (n + 1)/(8n) there would be a maximum radius and at least one root.
In this range if Λ > 0 there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root.
2 ) > 0 there would be a minimum radius for the shell and at least one root for V (R); if Λ > 0 and (
2 ) < 0 there would be at least one local maximum and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 and (
2 ) > 0 there would be at least one local minimum, depending on the parameters there are either oscillating solutions or no solutions at all. Finally, if Λ < 0 and (
2 ) < 0 there would be a maximum radius and at least one root; moreover, if at the same time Q 2 I > Q 2 II then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
• 0 < ω < 1
In this range if Λ > 0 there would be at least one local maximum for V (R) and there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root.
• ω = 1
In this case if
there would be at least one local maximum for V (R) and there is a subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < −n 3 (n + 1)(
there would be a maximum radius and at least one root. 8 . Equal masses at both sides and Λ = 0
• ω = −(n − 1)/n In this case if κ D C ≥ 2n there is a subset of the parameter space in which there are no forbidden regions. On the other hand, if κ D C < 2n there is at least one root for V (R) and a maximum radius for the shell.
• ω = 0 For this case, the potential takes the form of a quadratic equation in x = R −(n−1) .
• ∆ > 0, we have the subcase E of the appendix C.
• we have the subcase B of the appendix C.
• 0 < ω < (n − 1)/n
• ω = (n − 1)/n In this case if |Q 2 I − Q 2 II | < 2κ D C/n there is at least one root for V (R) and a maximum radius for the shell. If
there is a subset of the parameter space in which there are no forbidden regions.
• (n − 1)/n < ω ≤ 1
9. Equal masses and charges at both sides
there would be at least one root and a minimum radius. On the other hand if Λ < −(n+1)κ 2 D C 2 /(8n) there would be a local minimum for the potential, depending on the parameters there are either oscillating solutions or no solutions at all.
In this range if Λ > 0 there would be at least one root and a minimum radius. On the other hand if Λ < 0 there would be a local minimum for the potential, depending on the parameters there are either oscillating solutions or no solutions at all.
In this case if Λ > 0 and |Q| > κ D C/(2n) there would be at least one root and a minimum radius; if Λ > 0 and |Q| < κ D C/(2n) the potential would have a local maximum, there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 and |Q| > κ D C/(2n) there would be a local minimum for the potential, depending on the parameters there are either oscillating solutions or no solutions at all; if Λ < 0 and |Q| < κ D C/(2n) then the potential is monotonically increasing, there is a single root, which is a maximum radius, so the outcome of the evolution would always be a collapse.
In this range if Λ > 0 there would be at least one local maximum for V (R), there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root. 10 . Equal masses and charges at both sides and Λ = 0
In this range there would be a maximum radius and at least one root.
where:
In this range there is a local minimum for the potential. Depending on the parameters there are either no solutions, oscillating solutions or a static solution.
11. Equal masses at both sides and uncharged
In this case if Λ > −(n + 1)κ 2 D C 2 /(8n) there would be at least one local maximum for V (R) and there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < −(n + 1)κ 2 D C 2 /(8n) then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
• −1 < ω < −(n − 1)/n In this range if Λ > 0 there would be at least one local maximum for V (R), there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 there would be a maximum radius and at least one root.
• −(n − 1)/n ≤ ω ≤ 1
In this range if Λ > 0 there would be at least one local maximum for V (R), there is subset of the parameter space in which there are no forbidden regions for the shell. On the other hand, if Λ < 0 then the potential would be monotonically increasing, with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse.
12. Equal masses at both sides, Λ = 0 and uncharged
In this range there would be a local maximum for the potential, there is subset of the parameter space in which there are no forbidden regions for the shell.
• ω = −(n − 1)/n In this case the potential would be monotonically increasing, if 2n < κ D C with a single root (which is the maximum radius), so the final outcome of the dynamics would always be a collapse. On the other hand, if 2n > κ D C the shell can either expand indefinitely or collapse.
• −(n − 1)/n < ω ≤ 1
V. CONCLUSIONS AND FINAL COMMENTS
In this paper we thoroughly analysed different possible dynamics of a thin shell made of arbitrary matter satisfying the dominant energy condition in a spherically symmetric bulk with electric charge and cosmological constant in arbitrary dimensions. The analysis made in Section III is arguably the most general asymptotic analysis that one can perform without assuming a definite matterenergy model. As explained there, if we assume, besides DEC, reasonable hypothesis regarding the asymptotic behaviour of the matter-energy models within the evolving n-sphere, namely that there is no hysteresis and that α(R) has both a large R limit and a small R limit, the main qualitative aspects of the motion can be inferred from these limiting values and the parameters of the setting.
In particular, we can exhaustively characterise the cases where a boundless expansion or a collapse are possible.
On the other hand, in Section IV we defined a family of equations of state, i.e. linear barotropic fluids, and this prescription allows us to be more specific in the description of the possible dynamics. However, the main difficulty in analysing the qualitative aspects of the different effective potentials lies in the fact that the signs of them and their derivatives depend in general on non-integral degree expressions whose roots and extremal points are complicated to address in full generality. Nevertheless, it applies the so-called "Descartes' rule of signs" which sets an upper bound on the number of positive roots for the effective potential: if we order the coefficients of the terms of the potential in descending order in R then the number of sign changes in this sequence is the aforementioned upper bound. As discussed, the effective potential in full generality has eight terms, two of them always positive, another two can have either sign and the remaining four terms are always negative. In some situations, these four negative terms can be intertwined into the other four, so in principle there can be up to seven positive roots for the potential. However, it is straightforward to see in the potential (14) that the net contribution of the three terms that come from the quantity inside parenthesis that is being squared must be always negative. Then for the rule of signs these three terms should be taken as a single negative term whose order is given by the mass difference term (the higher order term), so it is as if they were six terms: three negative, two positive and one that can take either sign, which implies that there is at most five positive roots. In any case, this rule of thumb illustrates how complicated an analytic description of the potential can be.
However, there are a number of cases where the description of the motion can be made simple. For example, the effective potential can acquire the form of a second order polynomial in R −(n−1) , and the possible qualitative features can be fully described, as illustrated in Appendix C. In other cases, some of them included in the previous category, the potential is monotonic, either increasing or decreasing, and also in those cases the qualitative description of the motion can be fully addressed. But, in general, the expression that determine the qualitative features of the potential are of order higher than two and there is no monotonicity. Nevertheless, the cases described in Appendix C are useful for general situations as well, with variations that are related to the eventual presence of more than two roots in the potential. This is because, in qualitative terms, those cases are all the types of motion that the system can have: static (whether stable or unstable), oscillatory, collapsing, boundlessly expanding, or asymptotically approaching a finite radius. For example, if there are three roots for the potential then a combination of cases E, B and C is possible, each taking place at different ranges for R. We are not specifying here what combinations take place to which ω and parameter space, as that would be extremely complicated and long to address. Instead, what we did in Section IV is a general commentary for each subcase without having to analyse the potential in full generality, and a detailed description if the potential is a second order polynomial in R −(n−1) or a monotonic function.
A. Weak Cosmic Censorship
Regarding the weak cosmic censorship, a general analysis of the possibility of a gravitational collapse, as usually understood, can only partially be made looking at the results of the Subsection III B. Through that analysis we can characterise all the cases in which the possibility of a collision with the curvature sigularity at r = 0 exists. Nevertheless, there are collapse solutions in which the shell rebounds into another asymptotically flat (de Sitter or Anti de Sitter) region through a wormhole, as illustrated for example in Section 4 of [11] for the Reissner-Nordström case (Λ = 0) with a dust shell, and it never hits the curvature singularity. This can be understood by considering the corresponding maximal analytically extended manifold. In terms of the effective potential, these collapsing shells are characterised as bouncing solutions where the point of return represents a minimum radius for the shell and lies beyond the Cauchy horizon.
On the other hand, a solution that represents a shell colliding with the curvature singularity and with parameters that imply a naked singularity as the final state does not necessarily violate cosmic censorship. This is because the dynamics might not allow an initial configuration where both the shell lies in the domain of outer communications and no naked singularities are present beforehand. We can always choose both bulk solutions with parameters that make the r = 0 singularity naked and find a solution R(τ ) to the corresponding effective potential. And, as shown in the subsection III B, by choosing an appropriate α 0 we ensure the existence of a solution that represents a shell reaching r = 0. The problem is that this solution might not represent a shell with the standard orientation (it might glue two interior regions) or it might be defined only within the Cauchy horizon, that is, there might be a maximum radius for the shell smaller than the first root of at least one of the F i (R).
In this way, we should narrow our discussion to shells with standard orientation (so we are allowed to label with I the interior solution and with II the exterior one), where the interior region is a black hole solution, that are initially defined outside the event horizon of this black hole. Then the weak cosmic censorship in this context is equivalent to saying that if the exterior bulk solution implies a naked singularity at r = 0 then it can not collapse. And, as explained above, collapse here means that the shell crosses the event horizon of the inner black hole.
Then, in this precise sense, as shown in Appendix B, we can confidently state that Weak Cosmic Censorship hold for the entire class of solutions here described. Although this might be the most important result of the present paper, the proof of it is given in an Appendix because it is closely related to Appendix A. This result generalises the analysis done in Section 3 of [11] and the one done in Subsection 5.4 of [8] while being connected with them. It also complies with the results obtained in [17] , where the authors considered thin shells made of linear barotropic fluids in a rotating odd-dimensional spacetime where all independent angular momenta coincide, for the spherically symmetric (zero angular momentum) case. where j is the index different from i and the roots of ξ i (R) are the same as the roots of the right hand side of the above equation. From (A1) one can see that if
so if the locus r = R ξ i is not in a forbidden region then it is within (on) an horizon.
On the other hand, it is not obvious whether the solutions of (13) are solutions of (11) at the radius R ξ i because of the ill-defined value of the corresponding extrinsic curvature (6) thereat. Nevertheless, one can rewrite the extrinsic curvature to show that the singularity is only apparent, stemming from the ill-defined derivative of the function x 1/2 at x = 0. The specifications (15, 16) are chosen such that (A1) implies the following
In this way, the potentially divergent component of the extrinsic curvature can be written as
where it is clear that the extrinsic curvature at both sides do not have a singular point at any of the R ξ i roots, provided they exist 3 .
Appendix B: Proof of Weak Cosmic Censorship for this class of solutions.
First we recall
F i (R) = R −(2(n−1)) −2 Λ n(n + 1)
which is positive at sufficiently small R for non-zero Q i (negative in the uncharged case) and it has the opposite sign to Λ for large R (being positive in the asymptotically flat case). Because of Descartes' rule of signs, there can be up to three positive roots for this expression, which is the case of a subextremal Reissner-Nordström-de Sitter solution. But there might be as well two, one or zero positive roots depending on the coefficients, and the causal structure of the corresponding maximal analytically extended solution strongly depends on them. We assume that the shell has the standard orientation, and consequently label I the interior region and II the exterior one. This assumption implies that in some region where both F i > 0 we must have ξ II = +1, so
As discussed in Section II, this inequality implies ξ I = +1 as well. We also assume that the interior spacetime contains a black hole, so F I (R) has at least one root R hI where F I (R hI ) > 0, and that F II (R) > 0 in its entire range, so if the shell reaches r = 0 then a naked singularity would appear.
In this way, (B2) can not hold for all R > R hI , because F I (R hI ) = 0 and the right hand side of the inequality is positive for all R. Then ξ II (R hI ) = −1, so there must be a root R ξ II > R hI of ξ II (R) where (B2) turns into an equality, and, as shown in the previous Appendix, this root must lie in a forbidden region (V (R ξ II ) > 0). In this way, provided there is an initial configuration in the region outside the horizon where the shell has the standard orientation, that is R 0 > R ξ II > R hI , there must be a point of return V (R c ) = 0 such that R hI < R ξ II < R c < R 0 . This implies that R c represents the minimum radius for the kind of solutions we are considering, so the shell never crosses the horizon and Weak Cosmic Censorship holds.
Appendix C: Criteria to determine the qualitative aspects of the dynamics when the potential is a second order polynomial in R −(n−1)
In Section IV there are a number of cases in which the potential turns out to be a second order polynomial in R −(n−1) . When this happens all the qualitative aspects of the motion can be easily derived in terms of the coefficients. If the potential acquires the following form V (R) = a + bR −(n−1) + cR −2(n−1) , where the capital letters represent the following dynamical behaviours:
• A: there are no forbidden regions. The shell will either expand indefinitely or collapse depending on the sign of the initial velocity.
• A * : it is a special subcase of the previous one, as there are no forbidden regions as well, but an unstable static solution is possible. Apart from this, the shell will either expand indefinitely, collapse, or asymptotically approach the radius of the static solution either from above or below.
• B: there is a maximum radius. This means that if the shell is initially expanding it would reach a maximum radius and collapse afterwards. The final state of the evolution is always a collapse.
• C: there is a minimum radius. This means that if the shell is initially contracting it would rebound at a certain radius and expand indefinitely afterwards. The final state of the evolution is always an indefinite expansion.
• B and C: both classes of solutions coexist, which means that the minimum radius of the expanding solutions is greater than the maximum radius of the collapsing ones.
• D: there is no solution.
• E: there are only oscillating solutions. The motion is bounded between a minimum and a maximum radius, and it is periodic.
• E * : there is only one possible solution: a stable static one.
If the function n(L) has compact support, then α ∞ = 0, α 0 = 1/n, and the asymptotic behavior of V (R) can be described as follows
where L is the mean angular momentum modulus. One can notice that the shell can have unbounded motion if and only if C n N < n(M II − M I ), which coincides with the analysis made in Subsection III A 2, and that there are always collapsing solutions for a small enough initial radius, in concordance with Subsection III B 4. Furthermore, taking derivatives of (D4), it can be shown that there are oscillating or static solutions only if n = 2, which is the case analysed in [6] .
